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Abstract 

We prove explicit upper bounds of the function Sm (T) , defined by the 
repeated integration of the argument of the Riemann zeta-function. The 
expUcit upper bound of ^(r) and Si{T) have already been obtained by 
A. Fujii. Our result is a generalization of Fujii's results. 



1 Introduction 

We consider the argument of the Riemann zeta function C(s), where s = a + ti 
is a complex variable, on the critical line a = ^. 

We shall give some explicit bounds on Sm{T) defined below under the Rie- 
mann hypothesis. 

First, we introduce the functions S{t) and Si{t). When T is not the ordinate 
of any zero of C(s), we define 

W = ^argcQ+T^). 

This is obtained by continuous variation along the straight lines connecting 2, 

2 + Ti, and ^ + Ti, starting with the value zero. When T is the ordinate of 
some zero of C{s), we define 

s{T) = i{5(r + o) + 5(r-o)}. 



Next, we define Si{T) by 



5i(r)= / sit)dt + c, 
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where C is the constant defined by 

1 

C^- log\a<y)\da. 

It is a classical results of von Mangoldt (cf. chapter 9 of Titchmarsh [7]) 
that there exists a number To > such that for T > To we have 

5(r) = o(iogr) 

and 

5i(r)-o(iogr). 

Further, it is a classical result of Littlewood ^ that under the Riemann Hy- 
pothesis we have 

SiT) = 0^ 



_ log log T 
and 

/ logT 



SiiT)=0 



V(loglogT)2 



For explicit upper bounds of |S'(r)| and \Si{T)\, Karatsuba and Korolev (cf. 
Theorem 1 and Theorem 2 on ^9 ) have shown that 

|5(r)| <8iogr, 

and 

|5i(T)| < 1.21ogr 
for T > Tq. Also, under the Riemann Hypothesis, it was shown that 

logT 



|5(r)| < 0.83 



log logT 



for T > Tq in Fujii [2]. And in Fujii [1 , it was shown under the Riemann 
Hypothesis that 

logT 

|5i(T)| < 0.51- ^ 



(loglogT)2 



for T > To. 

Next, we introduce the functions 52(T), S'3(T), • • • similarly to the case of 
5*1 (T). The non-trivial zeros of C(s) we denote by p = [3 + •ji. When T 7^ 7, we 
put 

So{T) = S{T) 
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and 



SrniT) - / S„,^iit)dt + C„ 



for any integer m > 1, where Cm's are the constants which are defined by, for 
any integer fc > 1, 

1 /'CO poo POO 

C2k-i = -[-lf~' j ■ j \og\C{<T)\{daf^-\ 

^ V ' 

{2k— 1)— times 

and 



OO /'OO 



C2u = {-iY-' ••• (d^ 



(2A:)!22fc' 



When T = 7, we put 

^rnlT) = ^{5,„(r + 0) + S^T - 0)}. 

Concerning Sm{T) for m > 2, Littlcwood have shown under the Ricmann 
Hypothesis that 



logT 



,(fog logT)"+i 

The purpose of the present article is to prove the foUowing resuh. 
Theorem 1. @ 

Under the Riemann Hypothesis for any integer m> 1, if m is odd, 
|S,„(()I< ' ^ ' ^ m! /I , 1 



-1 27rm! 1 l _ 1 (l + 1) ^ 



(loglogt)™+i 27rm! | l _ 1 (l + 1) ^ {m - j)l \e ^J+^e"^ 
1 Ml + i) 1 1 1 



+ 

// m is even, 



TO+1 + m(m+l) + r 

logt 



(fog fogi)™+2^ 
\ogt 1 J 1 to! /I 



1'^'"^*^' - (fogfogt)"+i ■ 27rm! 1 l _ 1 (l + 1) 



(fogfogt)™+i 27rm! | l - 1 (l + 1) ^ {m ~ j)\ \e 2J+ie 



1 1-1(1 + 1) ' 2 1-1(1 + 1)1 ' V(loglogt)"+2 
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This theorem is a generahzation of the known exphcit upper bounds for 
S{T) and Si{T). It is to be stressed that the argument when the number of 
integration is odd is different from that when the number of integration is even. 

The basic pohcy of the proof of this theorem is based on A. Fujii [T]. In the 
case when m is odd, we can directly generahze the proof of A. Fujii [T]. In the 
case when m is even, it is an extension of the method of A. Fujii [2]. 

To prove our result, we introduce some more notations. First, we define the 
function Im{T) as follows. When T ^ j, we put for any integer fc > 1 



i2k-l 



-1 [ /"OO /"OO /"OO 



{2k-l)~time 



and 



-1 I /"OO /-OO /-OO 

/2fc(T) = -(-lf3|| j ■ j logC(a + Tz)(dar 



2k— times 

When T = 7, we put for m > 1 

-fm(T) = i{/,„(T + 0) + /,„(r - 0)}. 

Then, I,n{T) can be expressed as a single integral of the following form (cf. 
Lemma 2 in Fujii ,3 ): for any integer m > 1 



TT ] m\ 1 1 \ 2 J C 
From this expression, it is known under the Riemann Hypothesis that 

by Lemma 2 in Fujii [J. 

Therefore, we should estimate Im{T). 

We introduce some lemmas in Section 2 and give the proof of the main 
results in sections 3 and 4. 



2 Some lemmas 

Here we introduce the following notations. 

Let s = a + ti. We suppose that cr > i and t > 2. Let X be a positive 
number satisfying A < X <t^. Also, we put 

1 1 

^^^2 + bix 
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and 
with 

A(n) 



f A(n) for l<n<X, 



log p li n = with a prime p and an integer fc > 1 , 
otherwise. 



Using these notations, we state the fohowing lemma. 
Lemma 1. @ 



Lett>2, X > such that 4 < X < . For a > ai 



2 ZP„„ ^ ^ ^. — 1 J 1 



2 ' log X ' 



1 + X2-'^ a;X2-'^ -, 

logt + OiXi- 



where \u)\ < 1,-1 <w' < 1. 

This has been proved in Fujii [T]. Moreover, we will use the following two 
lemmas. 

Lemma 2. (cf. 2.12.7 of TitchmarshfT) 

where E is the Euler constant and p runs through zeros of C,{s). 

Lemma 3. (Lemma 1 of Selberg [6]) @ 
ForX>l, s^l, s^-2q (g = 1, 2, 3, • • • ), s ^ A 

^ ^ (l-,s)2logX + bix ^ (2g + ,s)2 



—y- 



\ogX ^ (s — p)2 



By Lemma m we have 
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Since for cri < a 



1 



\ogX 



E 



0-1 



we have 



1 ^ X''-" - 



logX 



1 + X^-'" -o;^ 



(ai-i)' + (t-7)^ 



where < 1. Since for cr > ^ and X <.t^ 



(1 - sflogX 



we have for <ti < a 

c 



\ogX 



0-1 



by Lemma [3l Especially, 



^ \n<X 



kxin) 



O 



1 



logX 



where —1 < ut' < 1. 

Hence by ([1]) and we get 



E 



(ai-i) +(t-7) 



1 



-"/^2 1-1(1 + 1)0;' 2 



logi + 



E 



(2) 



(3) 



This relation will be used in the following proof of Theorem [T] 
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3 Proof of Theorem 1 in the case when m is odd 



If TO is odd, we have 

■m+l f f /-oo / W"" C' fcTl - iV"^^ C 



ttto! 

say. 



n+l 

-3{i(Ji + J2 + J3)}, (4) 



First, we estimate Ji. By Lemma [l] 



CTl 



1-1(1 + ^)-' 2 
say. Then, by integration by parts repeatedly 
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And we have 



\Vi{t)\ = 



(T 

2 



™ 1 + X2-'^ ujX2-<^ 



-da 



-We 



Axjn) 



\\ogt 



O 



< 



(T 

2 



< 



l + X^-'^^ X^-^dcT + O 

1 



oo 



+ 2 ^ (logX)"+i I ^ (m-j)! Ve 2J+ie2 



m! / 1 



"-2 



o 



(logX)™+i 



E 



Ax{n) 



j^ai +ti 



1 



(logX)™+i 
say, since by partial integration 
1 



E 

n<X2 



Axin) 



(6) 



l + X^-" X^-^da = 



logX)™+i 



i! /I 



(m - j)! Ve 2i+ie2 



Next, applying Lemma [T] to J2, we get 



J2 



(m + l)(logX) 



m+l 



E 



Ax{n) 



1+1 ic^ / 
1 - i (1 + i)a;' I 



Axjn) 



(m + l)(logXr+i + 2 ^ ^ [(logX) 

1 ^ Ax(n) 



E 



„(Ti +ti 



= mit) + o 



(iogA:)™+i 



kx^ 



(7) 



say. 
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Next, we estimate J3. By Lemma [5J we have 



9(^3) = 5R( J3) 



7 



1 



i(logX) 



m + l 



say, where 7 is the imaginary part of p = /? + 72. 
If i = 7, 



-j^ \ m+2 



0-1 



?7i(m + 1) V 2^ 
If t 7^ 7, by putting cr — cri — i = TogX ~ ^ ^'^'^ 1^ ^ 7l = 



dv. 



m + 1 m 7o (#) +1 
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Putting — u, we have 

K{l) = —— - ^ '- + {B^ + / \' ^ du 

A™+2 (B2+A2)A" 



m + 1 



A' 



m+2 



1 1 I 

m + 1 m TO 



Putting y = A^ vife get 



i^(7) = A'"+2<' -.-+1 ( + :^ ) arctany ^ 



ym+2 yrn J my^ 



ym+2 ym y ^ 2j -1 " m{m + 1) j 

m(TO + 1) / 



When ?/ tends to 0, g{y) is convergent to ,„(^^2) since 

/ \ 2 2 2 2 ^ 

^^^'^ ~ to(to + 2) ~ (TO + 2)(m + 4)^ (m + 4)(TO + 6)'^ ' 

When y tends to infinity, g{y) tends to 0. Hence for y > 0, we get g'{y) < 0. 
Hence 

< giy) < -7^—7^. 

so that 

— r~~~rT - -9(2/) — r~~~rT - i — nvi — r^- (i^) 

to(to + 1) m(TO+lj (m + lj(m + 2) 

Therefore by dTO]) and (HI]), we obtain 

^m+2 ^m+2 



m(TO+l) (to + 1)(to + 2)' 
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so that 



1 



m{m, + 1) 
Hence 



CTl 



-I) 



m+2 



2 / 



;^i-i)' + (t-7y 



(m + l)(TO + 2) 

1 \ m+2 
0-1 - 2) 



(71 - 



m+2 



■E 



(12) 



and 



E 



1 



, (^i-i)^ + (t-7)2 
By ©, (Hg) and we have 



^(7) > -T^^^TtI^ E T ..2 , (13) 



(m + l)(m + 2) ^ (^^ _ 1)2 + _ ^)2 • 



E' 



1 



;^i-i)' + (i-7y 



-if (7) < 



/ i\m.+ l 



mlm 



O 



(14) 



Ax(») 



and 

-E- 



-if(7) > 



(to + l)(m + 2) I 
Ax(n) 



O 



E 

KX2 



-.cri+ti 



1 1 , 

7T • - log t 

l-i(l + i)a;' 2 ^ 



(15) 



Hence by ©, ©, (HH) and if to = 1 (mod 4), 



f"+^3(zJ3) < 



(TO + l)(m + 2) (logX)'»+i + 2 



logi 



+ 



1 



(logX)™+i 



E 



Axin) 



mit) + o 



(\ogX) 



m+l 



E 



Ax{n) 



j-jO-i+tl 



(16) 



and 



Z'"+^9(ZJ3) > 



1 



to(to+1) (logX)™+ 



o 



, (logX)"+i 

V5{t) + 



E 

1 



Axin) 



,(Ti+ti 



(logX)™+i 



E 



Ax(n) 



^(Ti +ti 



(17) 
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since —I 



"+i = 1 and = -1. And if m = 3 (mod 4), 



z"+i3(zJ3) < 



m{m+l) (logX)™+i + 2 



logi 



O 



(logX) 



m+1 



E 



n<Ti+t 



and 



z"+i3(zJ3) > 



1 



(logX)™+i 



1 



E 



Axin) 



(18) 



1 



1 

"(m + l)(m + 2) ' (logX)™+i ' l-i(l + i)cj' ' 2 
1 



log* 



+ 



(logX)™+i 
= -r74(t)+0 



E Ax(»-! 



(logA)™+i 



E 

n<X^ 



Kx{n) 



(19) 



since = -1 and = 1. 

Therefore by Q, (jll), Q, ((III, ([III), ([111) and ((111), we obtain 



1 



o 



^E 

3=0 



(m-j)! V'^^ 2 



E 



Ax(n) 



n'^i+"(logn)J+i 



(logA)™+i 



E 



Ax(n) 



+ 



s(t), 



(20) 



where :i{t) satisfies the following inequalities. If m = 1 (mod 4), 



ogA)™+i 



7 I 



1 



1 



TO 



1 ■ l-i(lVi)c.' ■ 2^°^^' (logA)™+i 



^ (m-j)! Ve ' 2J+ie2 
1 



1 1 1 1 

(to + 1)(to + 2) ■ i-i(l + i)w' • 2 • (logX)'"+i^ 
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and 

>-^2(i)-%W-%W 



1 1 1 

1-1(1 + 1) • 2 (log Xr+i [2-. 



1 



^ " -lost 



{m-j)l \e 2i+ie2 
1 



m+1 l-i(l + i)a;' 2 (logX)™+i 
1 111 
+ Tyi-i(l + i)u;''2 °S*-(logX)™+i' 



and if TO = 3 (mod 4), 

1 1 



1 



2l°S* (I 



i! /I 



(m-j)! Ve ' 2J+ie2 



+ 



w 1 



TO 



1 ■ l-i(l'+l)a;' ■ 2^°^^' (logX)™+i 



1 



to(to + 1) 



(logX)"+i' 



and 



logt- 



+ 2 ^ (I 



1 / 



i! /I 



(m - j)! Ve 2J+ie2 



(l + i)ic^ 1 



TO+1 l-i(l + i)a;' 2 (logX)™+i 

1 1 1 1 

1-1(1 + 7)^' ' 2 ■ (logX)™+i- 



(to + l)(m + 2) 
In (1201), we have 



< 



A(n) log ^ 1 



X<ri<X2 



n2 



logX logX 



(21) 



Hence the second term on the right-hand side of (pil)) is ^ (ioo-x)"'+^ ■ Similarly, 



smce 



E 

n<X2 



Ax(n) 



n'^i+"(logn)J+i 



X 



A(n) 

n5(logn)J+^ n 



A(n) log ^ 1 



X<n<X'2 



^(logn)J+i logX 



(l0gX)^+2' 
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we estimate that the first term on the right-hand side of (PU]) is <^ (iogX)'"+^ • 
Therefore, taking X — \ogt, we obtain 

\Imit)\ ^ ^E{t) + O ^ 



7rm! \ (log log 

logt 1 I 1 ml 



_.^/ I y. 

^1 27rm! I i _ i (i + i) ^ 



(loglogi)™+i 27rm! | l _ i (l + i) ^ (m - j)! Ve 



1 Hi + i) 



+ 1 + m(m+l) + 

logi 



\(loglogi)"+2^ 
This is the first part of the theorem. 

4 Proof of Theorem 1 in the case when m is even 

If m is even, we get similarly 



CTi / 1 \ ™ r 



(7 — 



((Ti + ii) — -ricr + ti) > da 



2 J U ' C 



r^{{Ji + J2 + J3)}. (22) 



14 



say. By Lemma [T] and (PT|) , we have 

Axin) 



Ji = - 



1 

a 

2 



E 



1 + X2-^ ^X---" 



<X2 

1 1 WXS-'" 



1 

a 

2 



E 



n 



<7-{-ti 



da + O 



E- 



^-^ (m — 7')! 

i=o ^ 



E 



Ax(n) 



(T 

2 



log t > dcr 



n'^i+"(log7i)J+i 



1 



(logX)™+i 



E 



-.ai+ti 



(l0gX)'"+2 

say, and 

1 



(23) 



J2 = 



(m + l)(logX)™- 



_f ^ kx{n) + ^ sr- Ax in) 

-1 \ "3^2 ^'^1+" 1 - i (1 + i) \ 



1 



1 O+i) 



logi + 

1 



(m + l)(logX)™+i + 2 



logi 



1 



(logX) 



m+1 



E 



Ax(n) 



(logX)™+2' 

say. As well as T]i{t), we have 



(24) 



1 / 

og^)™+i I^E 



(m - .?■)! Ve 2J+ie2 
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Finally, we estimate J3. By Stirling's formula, we get 



r /di +ti 



— log — 



< - loet + - 



ti / CTi + + 1 \ 1 i 



--5 + 01- 



Also 



is estimated similarly. 



Hence by (|25p and Lemma [21 we have 



C C 



cr + — p p 



E 



Therefore, 

1^(^3)1 < 



(25) 



O 



oil 



(T 

2 



E 



{(ai-i)%(t-7)^}{('^-^)' + (t-7)^} 



■0\-\da. 



If i = 7, the first term of the right-hand side of above inequality is 0. li t ^ 7, 
since cr < cti, we have 



1 

"-2 



E 



< 



< 



E 

7 

E 



(-1 - i) 



1 ^ m+2 
2 



\t-i\ 



da 



\t-l\ 



1 1 \ m+2 

(^1 - 2) 



00 



TT 



m+l 



-da 



da 



1 



E 



0-1 



Applying (jS]) and (I?!]) , and taking X — log t lastly, the right-hand side of above 
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inequality is 



TT / 1 



m+1 



1 



1_ 1(1+1),^/ 2 



1 



\ogt 



-\ogt + 
X 



kx{n) 



„CTi 



+ti 



o 



< 



4 1-1(1 + 1),^' (logX)™+i V(log^)"+2 

TT 1 logt / log< 



4 1-1(1 + 1) (log log 0™+^ 



O 



(log log i) 



m+2 



Also, 



' ^CT - ■o(-]da = 



i(logX)™+i 



By jSSl) and ([271), 



|3(J3)I < 



1 



logt 



4 1-Hl + i) (loglogi)™+i 



logt 



^ i (log log <)'"+! / V (log log 0"+^ 
Therefore, we obtain hy 1^^, r][{t) and 77^ (i) 

1 logi f 1 ^ to! /I 1 



|^™(i)l < 



27rTO! (log log t) 



(26) 



(27) 



(28) 



1 



1 



i\ 1 



_ 1 (1 + 1) ^ (m - 7)! V e 2J+ie2 
1 1 „ / log* 



+1 i-Hi+i) 2 i-Hi+i; 



o 



(log log<)' 



□ 
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